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We study a general class of gravitational theories formulated in the Palatini approach and derive 
the equations governing the evolution of tensor perturbations. In the absence of torsion, the con¬ 
nection can be solved as the Christoffel symbols of an auxiliary metric which is non-trivially related 
to the space-time metric. We then consider background solutions corresponding to a perfect fluid 
and show that the tensor perturbations equations (including anisotropic stresses) for the auxiliary 
metric around such a background take an Einstein-like form. This facilitates the study in a homo¬ 
geneous and isotropic cosmological scenario where we explicitly establish the relation between the 
auxiliary metric and the space-time metric tensor perturbations. As a general result, we show that 
both tensor perturbations coincide in the absence of anisotropic stresses. 

PACS numbers: 


I. INTRODUCTION 


Almost a century after its proposal. General Relativ¬ 
ity (GR) is still considered as the standard theory for 
gravitational interactions. It is used to describe gravity 
in a wide range of scales where it has shown excellent 
agreement with experiments [I|. This success has moti¬ 
vated its use in a broader range of scales. However, this 
extrapolation makes necessary to introduce not so well 
understood new physics to explain observations. Thus, 
when going to larger scales we encounter the necessity of 
adding a dark matter component in order to explain the 
rotation curves of galaxies, leasing measurements, large 
scale structure formation, etc. An even more intriguing 
component dubbed dark energy is required to explain 
the current phase of accelerated expansion. Although 
this cosmic acceleration can be easily justified by a sim¬ 
ple cosmological constant, its unnatural observed value 
and its instability against typical quantum corrections 
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also makes it necessary to go beyond GR and/or stan¬ 
dard quantum held theory. Furthermore, the presence 
of cosmological and black hole singularities are typically 
seen as signals of the breakdown of GR. These singular¬ 
ities are usually expected to be regularized by a theory 
of quantum gravity. 

Modihcations of GR can be broadly divided into two 
approaches, namely: an effective held theory point of 
view and a more geometrical perspective. In the former, 
GR arises as the consistent theory for the interaction of 
matter through a massless spin-2 held. Thus, modih¬ 
cations of the gravitational interaction imply the intro¬ 
duction of additional degrees of freedom. These modi¬ 
hcations lead to scalar-tensor theories 0, vector-tensor 
theories Q, massive gravity 0, etc. In the geometrical 
view, GR is a theory that describes the dynamics of the 
space-time geometry where one hxes the affine structure 
so that the connection is given by the Levi-Civita con¬ 
nection of the space-time metric, whose dynamics is then 
determined by Einstein’s equations. Thus, if one intends 
to modify this theory, one can modify the held equations 
for the metric tensor or the gravitational interaction, like 
in the f{R) theories braneworld models universal 
non-minimal couplings to matter Q. Another approach, 
however, consists in giving up on the Riemannian geom- 
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etry and consider more general geometric scenarios. In 
some cases, only a few degrees of freedom are allowed 
to propagate, like models with torsion Q, theories for¬ 
mulated in conformal or We yl g eometries bimetric 
variational principles for GR [^, etc. In the most gen¬ 
eral case, the connection is considered as an independent 
object with no restrictions to be dynamically determined 
by the held equations, i.e., the metric and the connection 
are treated on equal footing. Theories within this frame¬ 
work are usually referred to as formulated a la Palatini 
m- Interestingly, a large class of theories formulated 
within this framework do not actually introduce addi¬ 
tional propagating degrees of freedom since the connec¬ 
tion can be regarded as an auxiliary Held. Once the con¬ 
nection is integrated out, one is effectively left with GR 
and the modihcations are transferred to the couplings to 
matter. 

In this work we will focus on theories in which the 
Einstein-Hilbert action is replaced by a function which 
depends on the possible contractions between the metric 
and the Ricci tensor Rfj,u(r) where the connection P 
is independent of 5 ^ 1 /. Within this general class of mod- 
ihcations of GR, we work out a general approach for the 
computation of tensor perturbations and show the emer¬ 
gent parallels to GR. Theories of the form f{R, 
and Born-Infeld inspired gravity theories are included in 
the general class of functions that we consider here and, 
thus, our results will be valid for them. 


II. GENERALITIES 

Throughout this work we are going to consider the 
general class of gravitational theories in the Palatini for¬ 
malism which are described by the following action 

S = X^ J d^xV^FiR^pir),g>^'') ( 1 ) 


Given the scalar character of F, it can only de¬ 
pend on the traces of arbitrary products^ of M 
and N and, in addition, it must satisfy the relation 
F{A~^mA, A~^nA) = F{M, N) for any non-degenerate 
matrix A. It will be useful for later purposes to note that 
the matrices M and N satisfy the relation M = g~^N'^g. 
Only in the case when the Ricci tensor is symmetric, do 
M and N coincide. This simplihed case is actually dy¬ 
namically found in many physically relevant situations, 
as we shall show below. By distinguishing between M 
and IV, however, we put forward that a more general 
scenario is possible. 


At low curvatures, the action @ can be Taylor- 
expanded as 


5 = y d^x^/^ 

+ o{x-'^rA , 


^0 + 


dF 






dF 


dNi^^ 




(3) 


where the subscript 0 means evaluation at M = iV = 0 . 
In order to recover GR in this limit, we need to impose 


dF 

dM^i, 0 


aSA' and 


dF 

dN^^i, 0 


fiS, 


(4) 


with 2A^A“^(a + /3) = M|j. In such a case, one recovers 
the action of the Palatini version of GR (with a possible 
cosmological constant), which is dynamically equivalent 
to the metric formulation. It should be noticed that the 
usual projective invariance of the Einstein-Hilbert action 
arises here only as an accidental symmetry, as higher 
order terms included in 0{X~^1F) will generically break 
it. Particular cases are those theories in which only the 
symmetric part of R^i, appears in the action^, since, in 
those cases, the projective invariance is a symmetry of 
the full action and not only an accidental symmetry of 
the low curvature limit. 


where F is an arbitrary function (that we will assume 
to be analytic), RapiX) is the Ricci tensor associated to 
an arbitrary connection g^^ represents the inverse 

of the metric tensor and A is some energy scale. Notice 
that we explicitly assume that the function F only de¬ 
pends on the inverse of the metric and not on the metric 
itself. Since the action must be a scalar and the Ricci 
tensor needs not to be symmetric in general, it will be 
convenient to introduce the matrices = X~^g^°‘Rav 

and N^i, = X~^g^°‘R^a, with A some energy scale^, and 
rewrite the action in the form 

5 = A^ y d^Xy/^F{M, N) . (2) 


^ This energy scale is introduced for later convenience. In most 
cases it is determined by the specific functional form of the func¬ 
tion F and does not need to coincide with A. 


III. FIELD EQUATIONS 

Now that the action for a rather general class of the¬ 
ories has been introduced, the corresponding field equa- 


^ If the action only depends on one of the matrices M or N, then F 
can only depend on traces of powers of the matrix. In such a case, 
we can go one step further and make use of the Cayley-Hamilton 
theorem for the corresponding matrix, say M, which allows to 
express the traces of [M^] with n > 4 in terms of the traces [M], 
[M^], [M^] and [M‘^] (and analogously for theories depending 
only on N). As a result, we will have F = F(A'i,^ 2 , Aa,^ 4 ) 
where Xn stands for the trace of the n-th power of M or N. 
For this class of theories many of the expressions become greatly 
simplified. 

^ The condition of having a symmetric Ricci tensor is not the same 
as having a torsion-free connection since the non-metricity tensor 
can also generate a non-symmetric part of the Ricci tensor. 
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tions can be readily found. Taking variations with re¬ 
spect to the metric and the Ricci tensor, we obtain 



dF 



SR 


yet 


) Sg^’^ 


(5) 


Since the Ricci tensor is a function of the connection and 
does not depend on the metric, the metric field equations 
can be readily identified as 

O , O dF A 2 ^ ,,, 


where we have added the energy-momentum tensor of 
the matter fields on the right hand side. We will as¬ 
sume that the matter fields are minimally coupled to 
gravity so that the energy-momentum tensor is defined 
as = --^1^ where Sm is the action of the mat¬ 
ter fields. This energy-momentum tensor is conserved 
with respect to the Levi-Civita connection of the metric. 
This will be important because the matter field equations 
will decouple from the connection^. We can see that 
for the Einstein-Hilbert action with® F = \M] 

we recover Einstein equations in the Palatini formalism 
G{p.v)iJ') = SiTrGTfj_,y. Another class of theories worth a 
comment here are those for which the LHS of ([51) van¬ 
ishes. This is the case for instance in Eddington’s theory 
which has F oc det(M). Of course, this simply reflects 
the fact that the gravitational sector does not depend on 
the metric in this theory. 

The metric field equations can be written in a more 
compact form by using matrix notation as 


(^FMR^+FNR) + [FMR^+FNRy-X^gF = ( 7 ) 


where we have defined the matrices 

OF dF 

and 


dN!^' 


( 8 ) 


Now we can use the definition of the matrices M and N 
in order to express the Ricci tensor in terms of them and, 
in addition, we can use the relation N = g~^M'^g, so the 
above equation can alternatively be written as 

FmM'^ + gMFl^g-^ + FMgMg~^ + M'^gF^g~^ 

= X^F+^fg-K ( 9 ) 

A4 


^ This will be true at least for standard bosonic fields. Fermions, 
fields coupled to the curvature or Galileon-like fields couple di¬ 
rectly to the connection and they would need to be treated sep¬ 
arately. We are grateful to Claudia de Rham and Andrew Tolley 
for discussions on this. 

5 Note that [M] = [TV]. 


This (unusual) representation of the metric field equa¬ 
tions puts forward that, at least in principle, one can use 
algebraic methods to solve for M in terms of the energy- 
momentum tensor and the metric, i.e., we can obtain 
M = M{T,g). As will be seen shortly, the formal depen¬ 
dence of M on T and g will be relevant in order to deal 
with the connection equation. 

It is interesting to note that the non-linearity of 
these equations will generically lead to the existence of 
several branches of solutions. In physical applications, 
however, one expects that only one branch is continu¬ 
ously connected with GR at low curvatures. There is 
a particularly interesting case when we actually have 
M = M{Tg~^), i.e., if we have a perfect fluid, M will be 
a function of the energy density and the pressure alone, 
with no explicit dependence on the metric components. 
Although this might seem quite stringent, it is actually 
the case for physically interesting situations, like cosmo¬ 
logical and black hole scenarios. 

Concerning the connection equations, we can use the 
expression for the variation of the Ricci tensor of an ar¬ 
bitrary connection given by 

SR^o. = (lo) 

with the torsion tensor 

Tpl = (P^. - r^p)/2, (II) 

to finally obtain from (O the field equations, which be¬ 
come 

Va (v^IE"“) - S^Vp (12) 

- 2 ^ - 5tT:pW’^P + = 0 

where we have defined 

IT^“= (13) 

and W''°‘ = g'^^Wx'^. Tracing over the indices A and a, 
one finds an expression for Vp (xZ—gW^P), which can be 
inserted back into (IT51) to obtain 


Va = 2^^ - id^TTpIT'^" 

+ TTpir^O- ( 14 ) 

With further manipulations, one can show that the sym¬ 
metric and antisymmetric parts of IT'^“ are coupled to 
each other through the object T^p + | {^pF^Zx — ^xF^p) ■ 
Setting that part of the torsion to zero, one ^s two 
decoupled equations for and (see for a 

more detailed discussion on this point). One can then im¬ 
pose = 0 (which implies that Ria/s] = 0) and regard 

its equation as a consistency relation for the torsion-free 
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condition®. In that case, which is the one we are focus¬ 
ing in this work, the connection equation can be formally 
solved by algebraic means, as will be shown shortly. 

Under the above assumptions, therefore, the connec¬ 
tion is determined by 

Va = 0 , (15) 

with W'^°‘ symmetric. A key point to realize now is 
that, as pointed out following Eq.dH), W can be written 
as an algebraic function of the matter content, through 
its energy-momentum tensor T, and the metric tensor 
g. Hence, provided solutions to the algebraic equations 
can be found, the connection equations will also allow 
to solve for the connection algebraically because the ob¬ 
jects inside the covariant derivatives in (fTSl) do not de¬ 
pend on the connection. Given that the connection can 
now be obtained by algebraic means rather than by solv¬ 
ing differential equations, we conclude that the indepen¬ 
dent connection in this type of Palatini theories does not 
introduce new dynamical degrees of freedom (under our 
assumptions). Therefore, there is no need to impose addi¬ 
tional boundary conditions associated with extra modes. 

The connection in Eg. dTSl) can be readily solved by 
introducing an auxiliary metric g^'^ satisfying 

(16) 

This equation will hold for all the branches obtained as 
solutions of (IH) and we see that for each of the branches 
the signature of the auxiliary metric will coincide with 
that of the symmetric part of W^'^. There is no obvious 
reason why this matrix should have the same signature 
as the spacetime metric ( 7 ^ 1 /, although in the branch that 
matches GR at low densities (curvatures) will have 
Lorentzian signature as it corresponds. If the signature 
changes at high curvatures, then must become non- 
analytic at some point. 


Besides mathematical simplicity, setting the torsion to zero at 
the level of the field equations is physically well justified, though 
some comments are necessary in order to better understand its 
implications. In this sense, a correspondence between the poten¬ 
tial microscopic defects of the space-time structure and the affine 
degrees of freedom represented by the torsion and non-metricity 
has been recently established [T3l . Following a well-known result 
from condensed matter systems, torsion can be associated with 
line-like defects in crystals (dislocations and disclinations), while 
non-metricity accounts for point-like defects (vacancies and in- 
tersticials). This two types of defects have interactions between 
them and, therefore, both should be taken into account in a gen¬ 
eral discussion. However, there are physically relevant situations 
in which point-like defects dominate, being line-like defects neg¬ 
ligible or simply absent. Setting the torsion to zero, therefore, 
is analogous to neglecting potential dislocations or disclinations 
in the microscopic space-time structure. This justifies why the 
field equations were derived assuming the a priori existence of 
torsion. Imposing vanishing torsion a priori, i.e., at the level of 
the action, would thus lead to a physically different theory in 
which line-like defects would not be allowed to exist. 


By taking determinants in both sides of (IT 6 l) , one finds 
that \/\§\ = \/W \\/1 det W\, which leads to 




det W\ 


--g^^Wx^ 


(17) 


or, equivalently 

ga/3 = \J\detW\{W-^)^^ gxp ■ (18) 


The Ricci tensor is thus given by the Levi-Civita connec¬ 
tion of the auxiliary metric g^i, and, as a consequence, 
it is symmetric. This further implies that for these solu¬ 
tions M and N coincide, which allows to write the field 
equations ([5]) in a simpler form. Furthermore, in many 
cases (and in particular for the case we will consider be¬ 
low) the symmetry of the Ricci tensor is inherited by 
M and, consequently, by N. If we now remember the 
relation M = g~"^N'^g we conclude that, for the solu¬ 
tions under consideration, we have M = g~^Mg and, 
analogously N = g~^Ng, which means that they are in¬ 
variant under a similarity transformation given by the 
metric tensor. This property is useful because then we 
have that^ g~^FNg = Fn and, therefore, we finally ob¬ 
tain from m the simpler expression W = Fm + F^r- 
Equipped with this result we can then write the adver¬ 
tised simplified form of the metric field equations as 


WR -b RW^ = 




(19) 


Now, we can use (fTSl) to obtain WR = y | det W\gg ^R 
and, thus, express the above equation as 

R {^igv)oL = j (rg/j-iy + 

2^1 det Wl ^ Ay 

where we have defined = g°‘^Rxfi{g)- When R and g 
are simultaneously diagonalizable, the product R°‘(^gy)a 
is symmetric and turns the metric field equations into 

i ?^( 5 ) = (fS^u + ( 21 ) 

2y'|detlU| ^ Ay 

with = g^^Txv This representation of the field 
equations has been previously obtained in different 
classes of theories in the Palatini formalism such as 
f{R,Rfj_iyR^’^) theories [3, the Born-Infeld theory of 


^ This follows from the fact that g ^Fj^g is a, similarity trans¬ 
formation and, therefore, it is given by Fn evaluated at M = 
g~^Mg and N = g~^Ng. If we now use that M and N are 
invariant under a similarity transformation determined by g for 
the considered solutions we finally obtain our result. 
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gravity introduced in [I^ (see [T^ for details), f{R) 
[i3[il and /(l^l) [l^ deformations of the Born-Infeld 
theory and the extensions introduced in Remark¬ 

ably, in this representation the metric field equations re¬ 
semble those of GR, but with a modified source term. 
Moreover, as commented before, for cases in which the 
matrix M can be expressed as a function of Tg~^ (or, 
equivalently, g~^T), the RHS of this equation only de¬ 
pends on such a combination and, therefore, it can be 
regarded as a pure source term determined by the mat¬ 
ter fields (i.e., the energy density and pressure in the 
case of a perfect fluid). This point was more explicitly 
discussed in [2l| for the case or pure Born-Infeld inspired 
gravity, where some of the consequences of these modified 
couplings to matter were explored. 

IV. PERFECT FLUID SOLUTIONS 

After obtaining the general field equations, we will now 
consider a simple scenario where the matter source is 
given by a perfect fluid so that its energy-momentum 
tensor reads® 


where we are not summing over the repeated index i. 
As discussed above for the general case, these algebraic 
equations allow to solve for Mq and Mi in terms of p 
and p. This allows to write W also in terms of p and p 
and solve the connection equation (fTSl) introducing the 
auxiliary metric (1181) . 

In order to illustrate how the space-time metric is ob¬ 
tained, let us consider a cosmological scenario where the 
line element is 

ds^ = (27) 

with n{t) and a{t) the lapse and scale factor func¬ 
tions respectively. The lapse can be fixed by a time 

reparametrization, but we will keep it arbitrary for 
later convenience. Then, we will have that W = 
Aiag{Wo,Wi,Wi,Wi) where Wq and Wi will be func¬ 
tions of p and p to be determined from the metric field 
equations (l26ll . Then, according to (fTKI) . the auxiliary 
metric associated to the independent connection takes 
the form 

. (28, 


T„, 


-p 0 \ 

0 Pl3x3 ) 


( 22 ) 


which is again an FLRW metric with effective lapse and 
scale factor functions given by 


Given the diagonal character of this we expect di¬ 
agonal solutions for M and N. Since we are assuming 
minimally coupled matter fluids, this stress-energy tensor 
satisfies the usual conservation equation (defined by the 
divergence of with respect to the Levi-Givita connec¬ 
tion of Pfiu)- In a spatially flat FLRW metric (see below), 
we thus get 


p + m{p + p)=A, (23) 


2 

Wl 

(29) 

We thus see that Wq and Wi must be positive in order 
to have the same signature for both metrics. 


V\WoW^^\ 


i{tr = 


n(t)V|WoW®| 

IFo 


and a{t)^ = a{t) 


V. TENSOR PERTURBATIONS 


with H the Hubble expansion rate. Of course, in addition 
to this equation we need some knowledge about the fluid 
equation of state to be able to obtain the evolution of the 
energy density. 

From the relation M = g~^N"'"g we deduce that M = 
N, which will be parametrized as 




Mp 6 \ 

0 Mil3x3 / 


(24) 


The metric field equations reduce to 


(Fm)o° + {Fn)o^ 


Mo 


(FmV + (FnV Ml 



(25) 

(26) 


We now compute the equations corresponding to ten¬ 
sor perturbations propagating on the background solu¬ 
tion for a perfect fluid obtained in the precedent sec¬ 
tion. Since we are considering tensor perturbations, we 
will use the following Ansatz for the metric and energy- 
momentum tensor® 

with SgijS'^^ = n% = 0. In this section, spatial indexes 
will be raised and lowered with the Kronecker delta dij. 
The conservation equation for the fluid does not allow to 
solve for the anisotropic stress at first order so it should 
be regarded as an external source (determined by the mi¬ 
croscopic details of the fluid, in analogy to the equation 
state parameter for the background). We will assume 


® Notice that our Ansatz is for Tg but since it is diagonal it 
would read the same for g~^T. 


® We drop here the perfect fluid assumption and let the fluid has 
anisotropic stress that could source the metric perturbations. 
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that the structure of these perturbations will be inher¬ 
ited by the perturbations of all the remaining quantities. 
In particular, the perturbation in the matrix M must also 
be symmetric because we are considering purely tensor 
perturbations and an antisymmetric component will nec¬ 
essary come from an axial vector perturbation. 

A very important property shared by all the tensor per¬ 
turbations that will greatly simplify our computations is 
the fact that any product of background matrices with 
one perturbation will be proportional to the perturba¬ 
tion. More explicitly, if A and 5B are a background 
and a perturbation matrices respectively, we have that 
A5B oc 6B. This is so because all the perturbations 
live on the hypersurfaces orthogonal to the time direc¬ 
tion and the background quantities are proportional to 
the identity on such hypersurfaces. The importance of 
this remark is that all matrices commute at first order. 
Therefore, Eq. ([Q]) can be written, up to first order in 
tensor perturbations, as follows: 

{Fm + Fn)M =^(^F1 + . (31) 

Thus, as we discussed above, the matrix M will be an al¬ 
gebraic function of the combination Tg~^ up to first order 
for tensor perturbations, i.e., we will have that 5M oc 11 
and, therefore, 5W = ^(/9,p)n with ^{p,p) a zeroth or¬ 
der function of the background quantities that can be 
determined from Eq (I31L which, at first order, reads 

\2 

5WM + WSM = -^n. (32) 

2A4 

An important feature to be noticed here is that if the fluid 
does not present anisotropic stresses, the perturbation 
SW vanishes at first order for tensor perturbations. This 
is the case for instance if the matter source is given by a 
perfect fluid. 

Now, from the connection equation we again obtain 
that the connection is, to first order in tensor perturba¬ 
tions, the Levi-Civita connection of the auxiliary metric 

ffa /3 = -\/| det W\ gxp (33) 

so that we can obtain the relation between the perturba¬ 
tions of both metrics and the anisotropic stress as follows: 



This relation can be turned into a more apparent expres¬ 
sion by introducing the more convenient metric pertur¬ 
bations 6gij = a^hij and Sgij = a^hij, in terms of which 
the above equation reduces to 

hij = hij Ilij. (35) 


In particular, if we have no anisotropic stresses 11^ = 0, 
both metric perturbations coincide. This particular re¬ 
sult and for the specific case of Born-Infeld inspired grav¬ 
ity was obtained in . As we have shown here though, 
the coincidence of both metric perturbations is a com¬ 
pletely general feature for the class of theories described 
by the action @ and in the absence of torsion and 
anisotropic stresses. Furthermore, it can be easily un¬ 
derstood from the fact that the induced metrics on the 
hypersurfaces orthogonal to the time direction (or equiv¬ 
alently gij and gij) are conformally related up to first 
order in tensor perturbations. For this, it is crucial that 
n = 0, which, as we showed above, implies that W does 
not acquire tensor perturbations. If 11 7 ^ 0, then W will 
also have tensor perturbations which are responsible for 
the disformal term in (1351) . 

Now that we have the relation between both metric 
perturbations, we can proceed to compute the evolution 
equation for tensor perturbations. For that, we will per¬ 
turb Eq. (I^Tl) to obtain the equation 

SR^Ag) = , ^ (36) 

where we have used again that tensor perturbations of 
scalar quantities vanish. This equation represents a re¬ 
markable result for tensor perturbations in the class of 
Palatini theories under consideration in this work. In or¬ 
der to appreciate it, it is convenient to remind here the 
corresponding equation for GR, which reads 

,5i?'^^(£,) = (37) 

Thus, Eq. (1361) for the auxiliary metric tensor pertur¬ 
bation hij is analogous to the usual GR equation for the 
spacetime metric g^u with an effective Newton’s constant 
determined by the background fluid 

\2 

STrGeff = ^ —. (38) 

2Y'|detIT(p,p)|M 

Equipped with the above results, we can very readily 
write the evolution equation for tensor perturbations as 

h, + = 16 ^Geff%, 

(39) 

in complete analogy with GR. This equation coincides 
with the more specific equation found in for the par¬ 
ticular case of Born-Infeld inspired gravity. Again, here 
we have shown that this is in fact a completely general 
result for the class of theories described by ©• Thus, in 
order to compute the evolution of tensor perturbations 
for any of such theories, only the background solutions 
are required. 

With the solution of (IMl) . one can proceed to obtain 
the solution for the space-time metric perturbations via 
(1551) . At this point we can already identify the potential 
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presence of instabilities. Firstly, we see that in order to 
avoid laplacian instabilities, we need the factor in front 
of the laplacian in the above equation to be positive. By 
looking at the background equations (1^ we conclude 
that this is the case if Wq and Wi have the same sign. 
This is always the case for solutions in which and 
have the same signature. This condition also guar¬ 
antees the hyperbolicity of the equation. Furthermore, 
under this assumption, we can fix the time coordinate 
so that h = d, i.e., we can use conformal time for the 
auxiliary metric . If we further introduce the rescaled 
perturbation h^- = dhij, Eg. (15^ reads 

h" - h,, = 16^Geffdn,„ (40) 

where ' denotes derivative with respect to the conformal 
time of Qfii,. In this equation we clearly see the usual 
appearance of an effective (time-dependent) mass term. 
The difference with respect to GR lies in the fact that 
such a mass is determined here by the background evolu¬ 
tion of the auxiliary metric g^i, rather than by the space- 
time metric. Now one can translate all the usual results 
from GR to this class of theories. In particular, we see 
that it is the metric g^i, which must be (quasi) de Sitter 
in order to generate a (nearly) scale invariant spectrum 
from quantum fluctuations. Moreover, such a (nearly) 
scale invariant spectrum will be generated for the per¬ 
turbation hij. For the same reason, it is possible to have 
a de Sitter background solution for the space-time metric 
and not generating a scale invariant spectrum of tensor 
perturbations [2^. We need to note however, that we 
have assumed regularity in both metrics and that they 
have the same signature. For instance, it was discussed 
in [23 the presence of instabilities associated to points 
where the auxiliary metric becomes singular, even if 
the evolution of g^v is perfectly regular. 

VI. CONCLUSIONS 

In this work we have considered a general class of 
gravitational theories in the Palatini formalism which 
are described by an arbitrary function of the (inverse) 
metric tensor and the Ricci curvature. The relevant 
quantities can be represented by means of two fun¬ 
damental matrices M and N which encode the two 
independent products between the inverse metric and 
the Ricci tensor. After defining and discussing the 
general properties of this class of theories we have 
derived the corresponding field equations for both the 
metric tensor and the connection. We have argued 
how the metric field equations can be regarded as an 
algebraic equation for M (or equivalently N) in terms 


of the matter content and the spacetime metric tensor. 
Then, we have shown that, provided one can work out 
an explicit solution for M, the connection field equations 
can be seen as a set of algebraic equations for the con¬ 
nection. Moreover, under the torsion-free assumption, 
the connection actually corresponds to the Levi-Givita 
connection of an auxiliary metric, whose associated field 
equations take the Einstein-like representation (I^Tl) for 
an arbitrary Lagrangian of the form 0. As a simple 
application, we have studied solutions for perfect fluids 
and in cosmological scenarios. 

Eor the cosmological background solutions we have de¬ 
rived the properties of tensor perturbations. An impor¬ 
tant result valid for our general class of theories is that, in 
the absence of anisotropic stresses in the matter sector, 
the tensor perturbations of both the space-time metric 
and the auxiliary metric that generates the connection 
are the same. If the matter energy-momentum tensor 
presents anisotropic stresses, there is a disformal term 
between both metrics perturbations. We have also shown 
that the tensor perturbations for the auxiliary metric sat¬ 
isfy the same equations as one finds in GR, but with 
a modihed and time-dependent Newton’s constant and 
propagating on top of the background auxiliary metric. 
Then, we have been able to easily obtain conditions for 
the absence instabilities in the evolution of tensor pertur¬ 
bations. It would be interesting to extend our results for 
more general theories containing the full Riemann tensor 
or, equivalently, Lagrangians depending on the co-Ricci 
and homothetic tensors in addition to the Ricci tensor. 
However, new methods will be necessary since it will not 
be possible in general to obtain the connection by the 
algebraic procedure used in this work. 
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